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0 Statement of the problems
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Let L/K be a finite separable extension of fields, normal closure E.
Let G = Gal(E/K),G = Gal(E/L), X = G/G (left cosets).

Thanks to Greither-Pareigis, later Childs-Byott, Hopf-Galois structures
on L/K can be classified using two techniques:

@ Regular subgroups N < Perm(X) normalized by G, where g € G
acts on N via conjugation by A(g) € Perm(X).

@ Embeddings 5 : G < Hol(N) = p(N) - Aut(N) C Perm(N) such
that 3(G') is the stabilizer of 1y. Note 3¢ and /3, induce the same
Hopf-Galois structure if and only if 81(g) = 082(g)0~" for some
fixed 6 € Aut(N). (N an abstract group of order |G|.)

The corresponding Hopf algebras are of the form E[N]C¢, where g € G
acts on E by the Galois action, and on N by either conjugation by A(g)
(technique 1) or via the image ( of 3 projected onto Aut(N) (technique
2).
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The problems

Suppose two Hopf-Galois structures are found with underlying Hopf
algebras Hy, H», corresponding to two (possibly isomorphic) groups
N, N, or two embeddings (1, 5.

@ Under what conditions are H; = H, as K-Hopf algebras?

@ Does there existafield K C F C Esuchthat F® Hi = F® H, as
F-Hopf algebras?

@ Under what conditions are H; = H, as K-algebras?

© Does there exist afield K C F C Esuchthat F® Hy = F ® H, as
F-algebras?

Furthermore, how many of these questions can be solved using group
theory alone?
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Can this happen at all?

Yes [Childs, 2013].
Let L/K be Galois, group G.

Let ¢ : G — G be a homomorphism such that ¢/(gh) = ¥ (hg) for all
g,he Gandy(g) =giffg=1g.

Let N, = {A(9)p(4(@)) : g € G} < Perm(G).

Then the Hopf algebra L[Nw]G is isomorphic to Hy, the Hopf algebra
which gives the canonical nonclassical Hopf Galois structure,
corresponding to N = \(G).
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Inseparable analogue?

Suppose (for this slide only) that L/K is purely inseparable.
Then Hopf algebra isomorphisms are common, algebra isomorphisms
even more So.

Suppose char(K) = p > 2 and [L : K] = p. Then L/K admits an infinite
number of Hopf-Galois structures, each with underlying Hopf algebra
H=KI[t]/(tP),A(t) =t®1+1xt.

More generally, for [L : K] = p", any Hopf algebra which gives a
Hopf-Galois extension is a truncated polynomial algebra of dimension
p", allowing for very few isomorphism classes of K-algebras.

For example, if [L : K] = p* the only possible H are:

H = K[t)/(t") He Kt 6]/(17.8)  H= Kl ]/(F)

H= Kt b, ]/ (], 15,8) H= Kt b, t5, 4] /(1)
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e Hopf algebra isomorphism problems
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The answer to #1

Keep notation from before: K C L C E, G = Gal(E/K), G’ = Gal(E/L),
X=G/G.

Let Ny, N> < Perm(X) be regular subgroups normalized by G.

Let H,‘ = E[N,’]G, i= 1,2.

Proposition

Hy = H> as K-Hopf algebras if and only if there exists a G-equivariant
isomorphism ¢ : Ny — No.

Well-known; often proved using algebraic geometry.
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Proposition

Hi = H, as K-Hopf algebras if and only if there exists a G-equivariant
isomorphism ¢ : Ny — No.

Non-Geometric Proof (sketch).
¢ : Ny — N» induces an E-Hopf algebra map ¢ : E[N;] — E[N>] which
is also G-equivariant.

If h € E[Ny] is fixed by g € G, then

I¢(h) = ¢(7h) = ¢(h),

so ¢(h) € E[N-] is also fixed by G. Thus, ¢ descends to a map

H1 — Hg.

Conversely, a K-Hopf algebra isomorphism E[N;]¢ — E[N,]¢ induces
an E-Hopf algebra map E[N;] — E[N.] which is G-equivariant.
Restricting to group-likes gives the required G-invariant isomorphism
N1 — N2. [l
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The answer to #2

Proposition

H; = H, as K-Hopf algebras if and only if there exists a G-equivariant
isomorphism ¢ : Ny — No.

Let K C F C E, and let Gy = Gal(E/F).

The same proof, mutatis mutandis, of the previous result gives us:

Corollary (TARP, 2018)

F ® Hy =2 F ® H» as F-Hopf algebras if and only if there exists a
Go-equivariant isomorphism ¢ : Ny — No.
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Some consequences

Corollary (TARP, 2018)

F ® Hy = F ® Ho as F-Hopf algebras if and only if there exists a
Go-equivariant isomorphism ¢ : Ny — No.

@ Suppose L/K Galois, and let ¢ be a fixed-point free
endomorphism of G. Then N = N, = {A\(9)p(¥(9)) : 9 € G}. The
map ¢ : A\(G) = Ny, given by ©(g) = A\(9)p(¥(9)) is readily seen
to be G-equivariant, so their corresponding Hopf algebras are
isomorphic over K.

© Suppose N; = N, as groups, and let F = E. Then G is trivial,
hence any isomorphism Ny — N» is Gy-invariant. Thus
E ® Hy = E ® H», obvious since H; and H, are K-forms of
isomorphic group rings.

Q If Ny 2 N», no such field F exists.
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Some more consequences

Corollary (TARP, 2018)

F ® Hy =2 F ® H» as F-Hopf algebras if and only if there exists a
Go-equivariant isomorphism ¢ : Ny — Nb.

© Suppose L/K is Galois, let Z = Z(G) and let F = L%. We have
the classical structure K[G] and the canonical non-classical
structure Hy, = H[\(G)]®. The corresponding regular subgroups
are p(G) and \(G) respectively, and the map p(g) — A(g) is
Z-invariant. Hence F ® Hy = F @ K[G] = F[G].

@ Suppose L/K is Galois. No nonclassical Hopf-Galois structure
uses a Hopf algebra isomorphic to K[G].
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Byott’s translation

Let 51, B2 : G — Hol(N) be two nonequivalent embeddings, giving rise
to Hopf algebras Hy, Ho respectively.

Proposition (TARP, 2018)

Hi = H, as K-Hopf algebras if and only if there exists a 6 € Aut(N)
such that

Ba(g) = 0B1(9)0~" forallg € G.

LetK CFCE, Gy=Gal(E/F) Then F ® H; = F ® H» as K-Hopf
algebras if and only if there exists a 6 € Aut(N) such that

Ba(g) = 0B1(9)0~" forall g € Gp.
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An example

Let L = K(aq, ), a% =ackK, ag =beK, aj,ar € K.
G = Gal(L/K) = (g, h) = Co x Co.
Let N = (1) = C4. Then Hol(N) = (p(n)) - (§) where 6(n) = n°.

Hol(N) = D4, the dihedral group of order 8, and hence has two
subgroups isomorphic to G:

G1 = {Thoiny, 20, p(17), p(n°)0}, Gz = {Tnoi(ny» p(17), 0, p(117)0}.

Thus, 5(G) = Gy or B(G) = Go. But 6 € G stabilizes 1y, so we cannot
have 3(G) = Go.

Therefore, 3(G) = G, giving six different choices for g.
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B(G) = {Thoiny; p(0)0, p(1?), p(1n°)0}

1a g9 h gh
B [ Thany p(m0  p(n®)0 p(r°)
Bz [ Thany P20 p(n)0  p(n?)
Ba | Thany (MO p(n?)  p(n°)0
Ba [ Thany P(P)0 p(n?)  p(n)0
Bs [ Thany  p(m?)  p(m)0  p(n)0
Bs | Thoiny  2(1?)  p(n®)0  p(n)0

Conjugation by 6 shows that ,; gives the same structure as
52/—17 I = 1>273'

Thus there are three Hopf-Galois structures on L/K along with the
classical structure, which we call Hy, Hs and Hs.
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Searching for isomorphisms

Proposition

H; = H; as K-Hopf algebras if and only if there exists a § € Aut(N)
such that

Bi(x) = 0Bi(x)0~" for all x € G.

1g g h gh
Bi| Thoawy (M8 p(®)0  p(i?)
Bi | Tau(n 0 0 1 aut(n)

Ba | Twawy om0 p(?)  p(n°)0
B3 | 1aue(ny 4 1 Aut(N) 0
Bs | Twany  P(?)  p(m)0  p(n°)0
Bs | Taut(n)  Taut(n) 0 0

Since 1auv) € Z(Aut(N)), such a ¢ € Aut(N) does not exist.
The three corresponding Hopf algebras are not isomorphic.
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Still searching for isomorphisms

LetK CF C E, Gg = Gal(E/F) Then F ® H; = F ® H; as K-Hopf
algebras if and only if there exists a 6 € Aut(N) such that

Bi(g) = 0Bi(g)0~" for all g € Go.

| 16 g h gh
B1 | Taur(n) 0 0 1 Aut(N)
B3 | 1aur(n) 0 TAut(N) 0

B5 | Taut(n)  Taut(n) 0 0

It is readily seen that
L9 @ Hy ~ 119 @ H,
LN @ Hy = L @ H
L9 @ Hy = 197 @ Hs.
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e Examples
@ Elementary abelian degree p?
@ Cyclic, degree p”
@ Dihedral, degree 2p
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Cp x Cp: the structures

Let p > 2 be prime, and let L/K be Galois with

The Hopf-Galois structures on L/K are known (Byott, 2002):
Let t € G be nontrivial, and let T = (t). Then G = (s, t) for some s € G.

Pick 0 < d < p— 1 and define
a[sht'] = sk
B[st] = sk—T¢H+(k=1d
Let Nrq = (o, 3). Then Nt 4 < Perm(G) is regular, and since
‘o=« v =a S8 =a"8 ‘=5
Nt 4 gives rise to a Hopf-Galois structure.
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Note that g € G acts trivially on N7 4,d #Oifandonlyifg e T.

When are N7, g, = (1, 1) and N, 4, = (o, B2) isomorphic?
Assume d;d> # 0, i.e., the structures are nonclassical.
Suppose ¢ : N7, 4, — N, 4, is G-equivariant.

Let Ty = (t4), n1 € N, 4,- Then

“o(m) = (fm) = ¢(m)
s0 {¢(m) : m € Nr, 0} = Nr,q, is fixed by Tj.

This can only happen if Ty = To.
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Now let N7 4, = (a1, 1), N1, = (a2, B2), d1db # 0.

There exists a unique 1 < ¢ < p— 1 such that cd> = d; (mod p).

Define ¢ : Nt g, — Nt g, by

o(a) = az, p(B1) = 65.

Since
0(5B1) = p(af' B1) = ag B = ag® 5 = SBS = Syp(By),

the map ¢ is a G-equivariant isomorphism.
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Let Hr 4 be the Hopf algebra corresponding to N1 4, d > 0.

@ Hr, 4 # Hrya it Ty # To;
4 HT,d1 = HT,dg forall 1 < d1,d2 <p- 1;

o Hrg % KIG].

This gives (p+ 1) + 1 = p + 2 nonisomorphic Hopf algebras which
provide at least one Hopf-Galois structure on L/K: the classical
structure, and the structures given by Hr 1 for each of the p 4 1 proper
nontrivial subgroups T of G.
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Cpr: the structures

Let p > 2 be prime, and let L/K be Galois with
G = Gal(L/K) = (g) = Cpn.

Thanks to Kohl 1998, the Hopf-Galois structures are known, and most
easily described using the holomorph. The only viable choice for N
turns out to be cyclic as well, say N = ().

Fix 6 € Aut(N) = Cpn-1(p_1y of order p™ 7.

Pick 0 < s < p"~ ' and define fs : G — Hol(N) by

Bs(g) = p(9)°.

This provides p"~! embeddings, all nonequivalent.
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Bs(9) = p(g9)o°

Suppose 0 < r, s < p™ ' and let the Hopf algebras corresponding to f3;
and (s be H, and Hs respectively.

Suppose 6 € Aut(N) satisfies §5(9) = Bs(g) = 06:(g)0~".

Since Aut(N) is abelian, 65,(9)0~" = 3,(g) = 6"(9).

Thus, H, = Hg if and only if 6" = 6%, i.e., r = s since |6| = p"~".
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Isomorphism via base change?

Let K = Ky C K1 C --- C K, = L be the unique maximal tower of field
extensions.

Suppose r = s (mod p™ ). Let G; = (g¥') = Gal(L/K))
Then - . S
Br(g”) = 6" = 6% = Bs(9”)

and hence K; ® H; = K; ® Hs.

In fact, K; @ H, = K; @ H if and only if r = s (mod p)"~'~".
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Dy: the structures

Let p > 2 be prime, and let L/K be Galois with
G = Gal(L/K) = (r,s) = D, with r’ = 1g.

The Hopf-Galois structures are known, thanks to Byott (2004).

Pick 0 <¢c <p—1,andletn. = X(r)p(r°s) € Perm(Dp). Then
Nc := (nc) is a regular subgroup of Perm(Dp) normalized by Dp,.

On each, the action of D, on N, remains the same:

r7lc = Te, snc = 77;1-

The above, together with p(Dp) and A(D,), give the p + 1 structures on
L/K.

The corresponding Hopf algebras will be denoted H., K[Dp], and H,.
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Searching for isomorphisms

Let K C F C L. We have
@ K[Dp) 2 Hy, K[Dp) 2 H. from before.
@ F® K[Dp] = F ® H, iff F = E since Dy has trivial center.
@ F® K[Dp] % F ® H. since H, is a K-form of L[N].
@ F® H\, % F ® H; since they are K-forms of different group rings.
@ ForO0<c,d<p-—1, H: = Hy: the map n; — ng is G-equivariant.

Thus, there are three distinct Hopf algebras which act on L/K, one of
which acts in p — 1 different ways.
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e Algebra isomorphism problems
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Given regular subgroups Nj, N» giving Hopf algebras Hy, Ho, when are
H; = H, as K-algebras?

Unsolved (for now) at this level of generality.

Assumptions
@ N and N, are abelian.

@ charK =0.

E[N] is a separable K-algebra, subject to the classification from
Monday’s talk.
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N abelian, char K < 1

Let H be the Hopf algebra corresponding to N.

Let NP = Spec(H). Then

ND(Ksep) = HOmKsep_gp(NKsep,Gmstep) &~ Hom(N, (Ksep)X) = N

Let I = Gal(K®®P/K). Then I acts on N by

(v )] = ([ )
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Main result

Theorem (TARP, 2018)

Let Ny, N> < Perm(X) be abelian regular subgroups normalized by G.
Then E[N;]€ = E[N,]€ as K-algebras iff there is a I -equivariant
bijection Ny — No.
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Back to the biquadratic, looking for -maps N; — IVI

Let us assume Q(i) C K.
Here, Ny = N3 = N5 = (x) = Cq4, where x(n) =i € C. T acts through
G. For each z € G,

(@9l =270l = 2 F@w = { | L.

So z % x = x if Bj(2z) = 1n; otherwise, z *; x = x>.

| 16 g h gh
B1 | Taur(ny 0 0 Taut(n)
B3 | 1aut(n) 0 TAut(N) 0
B5 | Taut(n)  Taut(n) 0 0

On I\AI1 x is fixed by gh. Thus, if H; = H; then on I\Al3 we must have y
fixed by gh. Since this is not the case we conclude H; % Hs.
Generalizing, one can show that Hy, Hz, and Hs are all distinct as
K-Hopf algebras.
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e Examples
@ Elementary abelian degree p?
@ Cyclic, degree p”
@ Dihedral, degree 2p
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We assume that K contains ¢, a primitive p" root of unity.

Recall the non-classical Hopf algebras are of the form Hr 4 where
T = (t) is a subgroup of G = (s, t) oforderpand 1 <d <p-—1.

If N = (a, ) < Perm(G) is the regular group corresponding to Hr 4,
then N = (x,¢) where

x(a) = ¢, x(8) =1n, Y(a) = 1n, Y(B)=¢

The action of Gon N is

sxx=x¢PP 9 txx=x, Sxv=v,  txg =1

Note that T acts trivially on N.
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S*X:Xﬂ)p_d’t*x:x?s*lb:/wjt*lp:lp

Suppose Hr, o, = Hr,. 0,
By an argument similar to the Hopf algebra case, Ty = T».

Of course, Hr 4, = Hr 4, as K-algebras (since they are isomorphic as
K-Hopf algebras).

Thus, the K-algebra isomorphism classes are the same as the K-Hopf
algebra isomorphism classes.

In fact, Hr = KP x (LT)P~' as K-algebras [Truman, 2016].
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Cyclic, degree p"

We assume a primitive (p")" root of unity ¢ in K.

Recall: Hopf Galois structures «+» s : G < Hol(N), 8s(g) = p(n)d®
with |§| = p"~" € Aut(N).

TARP, 2018. For N cyclic, degree p", ¢ € K, a I'-equivariant bijection
N — N exists if and only if a '-equivariant bijection N — N exists.

This result is not true if { € K.

Since T factors through G, a G-equivariant bijection N — N exists if
and only if a G-equivariant bijection N — N exists.

G acts via s, SO
In = 6%(n).
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Pick 0 < r,s < p"~', and let Vp denote the p-adic valuation.

Vo(r) = vp(s). Then B.(G) = (6") = (§%) = Bs(G). Thus the orbits of
any n € N are the same with respect to either action,
allowing for a G-equivariant bijection.

Vo(r) < vp(s). Then B.(G) = (6") 2 (6%) = Bs(G) so the orbits do not
coincide.

Thus, the Hopf algebras given by j;, 55 are isomorphic as K-algebras
if and only if vp(r) = vp(S).
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Also, [TARP, 2018] shows

n—1—vp(r)

H Kp1+Vp(r H (Km)pr(f)(p_U’
m=1

where K = Ky C Ky C --- C K, = L as before.

In [Childs, 2011], Lindsay obtains an explicit set of K-algebra
generators for each Hs, from which one could obtain the same results.
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Recall that the regular subgroups are p(D,), A(Dp), and the collection
{Ns:0<c<p-—-1}.

We denote the Hopf algebras K[Dp], Hx, Ho, Hy, ..., Hp—1.
We know that H, = Hy as K(-Hopf) algebras.

Since H. is commutative, it cannot be isomorphic to the
non-commutative algebras K[Dp] or H,, even after base change.

This leaves the question of whether K[Dp| = H), a case not covered by
the work above.
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Greither > TARP

However, Greither has announced a proof of a very general result:

Let L/K be Galois, group G nonabelian. Let Hy be the Hopf algebra
which provides the canonical nonclassical Hopf-Galois structure. Then

H\ = K[G] as K-algebras.

This, of course, implies that any Hopf algebra arising from a fixed-point
free endomorphism is also isomorphic to K[G] as a K-algebra.
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@ Looking forward
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Mission accomplished?

@ char(K) =0,
@ N is abelian, preferably cyclic,
® (v €K,

then we have a pretty good idea of what’s going on with the algebra
structure.
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fait a-incompli

If:

@ char(K) =0,
Can be easily extended to ged(char(K), [E : K]) = 1.

@ N is abelian, preferably cyclic, R
Might be able to use the ideas from yesterday’s talk to replace N
with N in certain circumstances (e.g., if we can show the Hopf
algebras are not isomorphic but their underlying coalgebras are,
perhaps we can conclude they are not isomorphic as algebras.
(Big Might.))

° (v EK,
It is possible that yesterday’s talk might help here as well since I
acts on Spec(H;*)(E) through G.
then we'll have a pretty good idea of what’s going on with the algebra
structure.
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Thank you.
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